Abstract.
In each step of a method, a set of « nonlinear equations has to be solved for each nonzero diagonal element, so that A -stable, semiexplicit, Runge-Kutta methods of order p = s, with a maximum number of zero diagonal elements, are required. When the nonlinear equations are solved by certain variants of the Newton-Raphson iteration, there is a significant computational advantage in using a method where all the nonzero diagonal elements are equal [2] . Methods of this type with p = s < 4 have been obtained by Norsett [5] . In this article, necessary and sufficient conditions for A -stability are obtained.
These conditions, which are similar to conditions obtained by Norsett [6] , are used to
show that when p = s < 5 an A -stable, semiexplicit Runge-Kutta method can have at most one zero diagonal element. Methods are obtained with p = s = 4 with one zero diagonal element and all other diagonal elements equal. One of these methods is due to Norsett [5] , and the other method is obtained by choosing bss + 0. When p = s = 5, it is not possible to obtain an A -stable method with one zero diagonal element and all other diagonal elements equal. However, it is possible to obtain such methods when p = 5 and s = 6. This is of little interest because an A -stable method with p = 6 and s = 7 is obtained with two diagonal elements zero and all other diagonal elements equal. whence cr = (4 ± \/6)/10 and cj = (4 + V6)/10. This gives b5(6) ¥= 0 so that c2, c3, c4 must be distinct and b5rcr ¥= 0 for r = 2, 3, 4. Now b5rbr(2) = 0 for all r and b5Xcx = 0 so that (1.3) gives 5 5 ¿54^4 Z b4rbr(2) + b53cv3 Z b3rbr(2) + b52cv2b2rbx(2) = 0, v = 0, 1, 2.
r=l r=1
Since c2, c3, c4 ate distinct b52b2Xbx(2) = 0. But b52 ¥= 0 so that b2Xcx = 0 and, also, ¿>2 (2) This is similar to a result obtained by Norsett [6] . Other stability regions may also be examined.
Pij) dir)
Suppose that an s -1 stage semiexplicit Runge-Kutta method is of order p. Then, since p(T)/q(r) = cT + 0(|r|p + 1), it follows that (4) <*r = ßr-ßr^+Kßr_2----+ (-l)r^, r=l,2,...,p, and the polynomial p is uniquely determined if p > s -1. Of course, these are order conditions rather than conditions for A -stability. However, in the search for A -stable methods it is convenient to start with diagonal elements bxl, b22, ... , bss, which ensure .¿-stability, and then to solve the (remaining) order conditions. When p = s, the diagonal elements must be chosen so that as = 0. When p = s -1, there is no a priori restriction on the choice of diagonal elements. In some applications that are envisaged, When ß3 = 0, these inequalities give ßx = 1/2 so that ß2 = 1/6; and the method cannot have real diagonal elements. Thus, there must be at least three nonzero diagonal elements. If these elements are chosen to be equal, then ßx = 3c, ß2 = 3c2 and ß3 = c3, and a4 = 0 gives 24c3-36c2 + 12c-1 =0.
Only the largest root of this equation c = 1.06857902130 ... satisfies the .4-stability
conditions. An example with b44 = 0 was given in the previous section and is due to
Norsett [5] . Now suppose that ß4 =£ 0 but that the diagonal elements are chosen to be equal.
Since |34 = (ß3 -ß2/3 + /Jj/12 -l/60)/2, these elements must satisfy 120c4 -240c3 + 120c2 -20c + 1 = 0.
A direct computation shows that each root violates one of the three inequalities necessary and sufficient for ,4-stability, so that this case differs from the lower order cases.
Even when the diagonal elements are not equal it appears that it may not be possible However, it is possible to obtain an A -stable method with p = 5 and s = 6 with ß6 = 0. The same A -stability condition (5) must be satisfied but it is no longer necessary that as = 0. Since ßs = 0 implies as = 0, it follows as before that there must be at least four nonzero diagonal elements and that these diagonal elements cannot be equal. Hence, suppose that there are five equal diagonal elements so that ßx = 5c, ß2 = 10c2, ß3 = 10c3 and ß4 = 5c4 and j35 = c5. Although it is now possible to obtain a method where as = 0, it is more interesting to consider other values of c which satisfy the ^-stability condition. In particular, the ^-stability condition is satisfied if c = (6 -y/6)/10; and this choice gives the following A -stable method of order 5:
License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use Since (7.4) implies that c5 ¥= 1 conditions (7.2) and (7.3) give, in particular, cs 1 -2c. Condition (7.4) gives the quadrature rule Slpit)dt= Z bsrP(cr) r = l valid for any polynomial p of degree 5. Hence, JJ (r-c3)(r-c4)(r-c5)(r-l)<ir = 0, JJ r(i-c3)(r-c4)(r-c5)(r-l)dr = 0, and these identities imply that c3 and c4 are the two (real) roots of (8.1) 5(40c2 -24c + 3)x2 -10(16c2 -9c + l)x + 20c2 -10c +1=0.
The quadrature rule also gives the relations c c c + c i
., 2c--1 3c,; -2 4cc -3 (8-5) bs6(c3 -i)(c4 -i)(Cs -j) = _J_ ^ _ -5^-(c3 + c4) + -L__, which define the quadrature weights.
To obtain an expression for c2 consider condition (7.5). Since Eqs. (6.2) must hold, this condition is subsumed by ¿ bsr(cr -l)(cr -c5)br(o) = 0, 0=1,2,3, r = l which give three linear equations. Provided that c, c2 and c3 axe distinct the equations give ax c2c3 -a2(c2 + c3) + a3 (8.6) bs4(c4 -l)(c4 -c5)b4x +bs3(c3 -l)(c3 -cs)b3x =-(c_c )(c_c }-.
(8.7) bs4(c4 -l)(c4-c5)b42
where ax, a2 and a3 axe given by
On the other hand, Eqs. (6.3) imply that (7.6) may be replaced by
Since br(2) = 0,r = 3, 4, ... , s, and since bx(2) = -c2 and Z>2(2) = c\ -4cc2 + 2c2, this equation gives
Equations (8.6) and (8.7) now give a quadratic equation for c2 and the root c2= c must be rejected. Thus, The remaining coefficients may be obtained by considering conditions (7.2) and (7.3). These give it has been verified that the coefficients satisfy all the order conditions given by Butcher [1] . A similar method may be obtained by interchanging c3 and c4 and this gives c2 E (0, 1), but some coefficients are large.
